We present fractal models for the flow rate, velocity, effective viscosity, apparent viscosity, and effective permeability for powerlaw fluid based on the fractal properties of porous media. The proposed expressions realize the quantitative description to the relation between the properties of the power-law fluid and the parameters of the microstructure of the porous media. The model predictions are compared with related data and good agreement between them is found. The analytical expressions will contribute to the revealing of physical principles for the power-law fluid flow in porous media.
Introduction
The power-law fluid is one of non-Newtonian fluids and its constitutive equation is [1] =̇,
where , ,, and are shear stress, consistency index, shear rate, and power index, respectively. Typical power-law fluids include some colloids, milk, gelatin, blood, and liquid cement. The power-law fluid model can be reduced to the Newtonian fluid model when = 1. Not all types of porous media can be described by the fractal theory, but it has been shown that porous media in nature such as oil/water reservoirs have the fractal characters [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , so the fractal theory may be used to analyze the transport properties of natural porous media. Yu et al. [7, 8] developed a fractal permeability model based on the assumptions that porous media are composed of a set of parallel tortuous capillaries and the porous media naturally formed are fractals. Karacan and Halleck [9] applied Yu and Cheng's model [7] to a set of sandstone porous samples with cylindrical structures and the permeability data predicted by the fractal model are in agreement with their experimental measurements. Xiao et al. [10, 11] have developed some models for heat transfer of fluids by fractal technique. Cai et al. [12] [13] [14] [15] [16] [17] developed fractal models based on spontaneous imbibition effect. However, the above fractal models developed are based on the Newtonian fluid flow in porous media and they are not applicable to those of non-Newtonian fluid flow in porous media. This work is devoted to the studying of the flow characteristics of power-law fluid in fractal porous media.
Fractal Theory for Porous Media
In the present work, it is assumed that the porous medium model is a bundle of tortuous capillary tubes following a fractal behavior, mentioned in the earlier publication of Yu and Cheng [7] , with constant straight distance 0 .
The porous media in nature can be and have been described as fractal objects, and the size distribution of pores in porous media exhibits the fractal characteristics and that the cumulative number of pores in porous media whose sizes are greater than or equal to follows the power law relation [6] [7] [8] :
where is measurement scale, is the pore area fractal dimension, 0 < < 2 in two dimensions, max is the maximum pore size, and is the pore sizes.
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According to (2) , the total pore number from the smallest pore size to the largest pore size can be expressed by [7] ( ≥ min ) = ( 
Differentiating (2) with respect to yields
Dividing (4) by (3) results in
where ( ) = min −( +1) is the probability density function. Based on the normalization condition, the probability density function should obey the following normalization relationship:
Equation (6) holds if and only if
is satisfied. Equation (7) can be considered as a criterion of whether a porous medium can be characterized by fractal theory and technique. In general [7] , most porous media have min / max ≤ 10 −2 ; thus (7) approximately holds. Thus, the fractal theory and technique can be used to analyze the characters of porous media.
The fractal dimension in (2)- (7) for pore space is given by [6] [7] [8] 
where is the porosity of the porous medium. Because the tortuosity of capillaries has been proven to follow the fractal scaling laws, the total length of a tortuous capillary can be expressed as [6] [7] [8] 
where and 0 are the actual length and straight distance of a tortuous capillary, respectively, and is the tortuosity fractal dimension of tortuous capillaries with 1 < < 3, meaning the extent of tortuousness of capillary pathways for fluid flow through a porous medium.
is given by [6] 
where is the average tortuosity of tortuous capillaries and av is the average radius of capillaries. The purpose of introducing the tortuosity of tortuous capillaries is to include the effect of the complexity of the geometrical shape on fluid permeability. For flow paths in porous media, the relation between the average tortuosity and porosity can be obtained as [6] 
The average radius av of capillaries can be found with the aid of (5)
The structural parameters for fractal porous media are given by [6] 
where is the average particle radius in porous media. Once the value of the average particle radius and the porosity are found, the microstructure parameters and the fractal dimensions of porous media can be determined.
Equations (2)- (15) form the theoretical base of the present work, and the fractal models for power-law fluid flow in porous media are derived in the next section.
Fractal Models for Power-Law Fluid Flow in Porous Media
The flow rate through a tortuous capillary with radius for power-law fluid is [1]
where Δ is the pressure drop. According to (9) , (16) can be modified as
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The porosity is
where V is the total volume of porous media. According to (20) and (21), the cross-sectional area of porous media is
Dividing ( 
We can see that the flow velocity for power-law fluid in porous media is related not only to the structural parameters of porous media ( , , , 0 , min , and max ) and pressure drop (Δ ) but also to fluid characteristic parameters ( , ). When = 1 in (23), the flow velocity for the power-law model reduces to that for the Newtonian model:
According to Darcy law = ( / )(Δ / 0 ), we obtain the absolute permeability of porous media:
The relation between the flow velocity and the pressure gradient for power-law fluid flow in packed beds is given by [18] = (
where and are empirical constants in the macroscopic model, is the particle radius, and eff is the effective viscosity of power-law fluid. According to (23), (25), and (26), the effective viscosity can be found:
It can be seen that macroscopic models (27) and (28) have empirical constants, which is not related to the microstructural parameters of a porous medium, whereas there is no empirical constant in the present fractal models (25) and (29), and effects of structural parameters of porous media on the permeability and the effective viscosity of power-law fluids are taken into account in the proposed models.
The shear stress at wall is [19] 
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The total shear stress at all walls can be found from
According to (1) and (31), we can obtain the fluid apparent viscosity :
For non-Newtonian, the apparent viscosity and effective permeability are incorporated in the generalized Darcy law [20] :
According to (23), (32), and (33), the effective permeability for power-law fluid is obtained:
It is seen from (19), (23), (29), (32), and (34) that the flow rate, flow velocity, effective viscosity, apparent viscosity, and effective permeability for power-law fluid in porous media are related not only to the structural parameters of porous media but also to fluid characteristic parameters.
Results and Discussion
The algorithm for determination of the flow velocity and effective permeability for power-law fluid flow in fractal porous media are summarized as follows:
(1) Porosity and the average particle radius are given ( = 0.38, = 0.05 cm [18] ).
(2) Find the microstructure parameters ( min , max , 0 ) and the fractal dimension ( , ) from (8), (10)- (15) . [18] for power-law fluid with = 0.2 Pa ⋅ s and = 0.3. The simulation was run for a network generated from a packed bed of = 0.38 and = 0.05 cm. There is good agreement between the present fractal model prediction and network model data. Figure 4 shows a comparison of the effective permeability (34) versus porosity at different power indexes. It can be seen that the effective permeability increases with the increases of porosity and power indexes. This is consistent with the actual situations.
Conclusions
In conclusion, fractal models for flow rate, velocity, effective viscosity, apparent viscosity, and effective permeability of power-law fluid flow in porous media have been derived based on the fractal geometry theory. The proposed fractal models relate the properties of power-law fluid to the structural parameters of porous media. Good agreement between the fractal models and related data verifies the validity of the present models. The effective permeability increases with the increases of porosity and power indexes. The analytical expressions will contribute to the revealing of the physical principles for the power-law fluids flow in porous media.
